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Schematic of a transmission electron microscope

An electron micrograph is (approximately) a projection of the sample

Depth of field of the EM: DOF ≅ d2/λ = 1nm2/0.002nm=500 nm
d is the resolution and λ is the wavelength of the electron

That means that everything in a 500 nm slab is in focus or at the same defocus, and
the specimen can be considered to be projected onto the image plane.

If our resolution is 0.14 nm, DOF ≅ 10nm.
The focus at this resolution varies with depth within the sample.
Hence, the image fails to be a projection.

In 1968, Klug and I realized that EM images could
be treated as projections of the 3D structure.
The Fourier transform of an image was a central
section of the 3D transform of the structure.

DeRosier and Klug, Nature, 130-134, 1968.

The section-projection theorem

EM images
Are
projections

By collecting a set of views, we were able to
make the first 3D reconstruction of a structure
from electron micrographs.

Tilt angles for crystals
Tilt angles for EM
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Rule of thumb for number of views needed:
How a tilt series in EM might be if tilts of 90o were possible.
N ≅ π/ϕ = πD/d
Example: 20 nm diameter virus to 0.3 nm, N ≅ 3.14*20/0.3 = 209 views

The idea is simple if we can sample Fourier space in a regular pattern, such as is done in
x-ray crystallography, where we get F(h,k,l).

In single particle work, Fourier space is sampled irregularly and unevenly.

We want to convert the irregularly sampled Fourier coefficients (Fknown) in to a regularly
sampled set (Funknown).

Calculating a 3D map
We can solve for Funknown by inverting this set of equations:

There is a least squares solution that that correctly weights for uneven sampling.

Or we could solve the these equation by transforming them into real space, where p
are the projection data from images and ρ are the unknown, regularly sampled 3D
densities.

Whether we solve these equations least squares, by FREALIGN, by weighted back
projection, or by an iterative method like SIRT, we are still solving these equations
albeit maybe indirectly.

What happens if we have too little data or poorly sampled data?

The equations we are solving (however we solve them) are ill-conditioned.

This means that errors in the knowns are amplified in the solution/the unknowns.

It also means that there are 3D distributions of densities that can be added to the true 3D
density that make little or no change to the projections we see.

Unless we have additional sources of information, we cannot extract an accurate 3D
map when we have insufficient data.
Crowther, DeRosier, & Klug Proceedings of the Royal Society of London. Series A,
Mathematical and Physical Sciences, Vol.
317, No. 1530. (Jun. 23, 1970), pp. 319-340.

Polyoma virus structure
by symmetry 1 view gives 60 sections in the 3D Fourier transform
The set of eigen values, lj, tell us when you have enough views!

R.A. Crowther, L.A. Amos, J.T. Finch, D.J. DeRosier, & A. Klug, Nature 226, 421-425, 1970.

Short of solving the equations by determining the eigen values, how can we assess the
sufficiency of our data?
Baldwin and Lyumkis have developed an algorithm that calculates a parameter called
sampling compensation factor (SCF). The value of the SCF, which depends only on the
sampling geometry, provides a measure of how well one should be or might not be
doing. A tilt can be added to see if that improves the Fourier space sampling and the
corresponding SCF.
Tools for visualizing and analyzing Fourier space sampling in Cryo-EM. Baldwin PR,
Lyumkis D. Prog Biophys Mol Biol. 2020 Jul 6:S0079-6107(20)30060-2. doi:
10.1016/j.pbiomolbio.2020.06.003.
With essentially the identical version available free on biorxiv:
https://www.biorxiv.org/content/10.1101/2020.06.08.140863v1

The GUI tool is available here for anyone to download:
https://github.com/LyumkisLab/SamplingGui
Besides a good specimen and a good microscope and camera, we must sample 3D
Fourier space sufficiently by having directions of view fairly uniformly distributed!

Electron scattering/diffraction
The interaction of a electron with a specimen involves two cross-sections
(probabilities): the elastic and the inelastic cross-sections.
In an elastic interaction, the electron is scattered but does not lose energy. These
electrons remain coherent and contribute to the image of one’s structure.
In an inelastic collision, the electron transfers energy to the structure and loses its
coherence. These electrons damage the specimen and contribute to the
background/noise.
For every elastically scattered electron, which leaves the sample unchanged, there are ~5
inelastically-scattered electrons that transfer energy to the sample and damage it.
Controlling damage is essential to high resolution cryo-microscopy.

The probability that an electron is scattered is a function of sample thickness.
Thinner is better.

inelastically scattered

unscattered

For the light elements

elastically scattered

=> thickness

fraction of unscattered electrons

Mean free path is the distance in which fraction of unscattered electrons is = e-1 = 0.37

Electron Crystallography of Biological Molecules, Glaeser, Downing DeRosier, Chiu, Frank

Scattering contrast can be used as a form of amplitude contrast
Heavy metals are strong scatterers of electrons and produce contrast by scattering
electrons outside the imaging system.
The thicker the heavy metal layer the fewer the number of electrons at that position in
the image. Shadowing with platinum, osmium staining of sections, and negative
staining with uranyl salts are ways of using heavy metals to produce contrast.

structure of interest

In negative stain, the structure is seen as a hole in the layer of stain. (NOTE: The
contrast is opposite to that in frozen hydrated images.)

Negative stain is particulate, which prevents detail finer than ~15 A from being seen.

This is what
you see.

The beautiful and important internal features are not seen.

Negative stain
Pro
Fast
Easy
Acts as a fixative
Generates high contrast
Any TEM will do
Generally gives faithful info on molecular detail (>15A)
Is radiation resistant

Con
Cannot see particle itself
Cannot see secondary structure
Distorts/shrinks/flattens structure
Has opposite contrast to ice images
Some reviewers wrongly do not accept negative stain results

Image formation of particles in ice.
Cryo-samples are transparent objects.

A plane parallel
electron wavefront
approaches
transparent particles
embedded in a
transparent medium.

The electron wavefront
is distorted by the
sample. The parts
passing through the
particles are advanced.
These ‘bumps’ in the wavefront give
rise to the scattered and unscattered
beams that are brought into focus by
a lens.

Image formation by a perfect lens
The transparent object scatters or diffracts pairs of beams at symmetric angles.
These beams are redirected by the lens to recombine with the unscattered beam at the
image plane.
The optical path lengths for the scattered and unscattered beams are the same so
that the original wave front is regenerated.
Lens
Diffraction plane
Image plane

Transparent
object
Unscattered
beam
Lens

Thus, the imaged wavefront has the same bumps that arose when the plane wavefront
passed through the sample but no amplitude changes.
Thus an in-focus image has no contrast.
A familiar example is live cells in the light microscope, where a phase contrast objective
can be introduce to convert phase differences in to amplitude differences

https://www.weizmann.ac.il/mcb/ZviKam/ALM/L3-DIC_Phase_Darkfield.pdf

How can phase contrast be generated in the electron microscope?

How to think about phase contrast.
A wave passing though a particle is advanced compared to the unscattered wave.
The deformed or advanced part of the wavefront can be described by cos(wt – d)
compared to cos(wt) for the undeformed or rest of the wavefront.
(w is frequency, t is time and d is the advance)
The deformed part is the sum of the unscattered wave + the scattered wave:

cos(wt-d) ≈ cos(wt) + d*sin(wt) when d is small
cos(wt) is the unscattered beam, and d*sin(wt) is the scattered beam
blue + red

d

wt=0

How underfocusing generates phase contrast
We need only look at one of the pair of scattered images.
For simplicity, we will look at the central ray.

At the image plane, the
scattered and unscattered
beams arrive at the same
time as expected.

In underfocus, the image plane lies before the in-focus plane.

Lens

Lens

Diffraction plane

Image plane

At the underfocus plane, however, the scattered beam arrives
ahead of the unscattered beam. (It has to arrive earlier
because it has farther to go to get to the focal plane on time,
that is, in phase.)

Underfocus
plane

In focus
plane

Because the scattered wave (red) arrives ahead of the unscattered wave (blue), they
generate destructive interference. The particle appears dark. Here is why:
the sum of the red &
blue waves gives a
change in phase

These are the two waves as
they exit the sample plane or
arrive at the in-focus plane
the sum of the red and
blue waves now gives a
change in amplitude

These are those two waves as they arrive at the under-focus plane

plane of underfocus image

scattered waves

unscattered wave

The larger the scattering angle, the larger the path difference of the
scattered wave relative to the unscattered wave. As a result the
contrast varies with scattering angle.

focal plane

Fourier transform of
transparent noise image
with no phase contrast

Fourier transform of
transparent noise image
with perfect phase
contrast

The rings seen in the FT are called Thon rings.
How do they arise?

Fourier transform of
transparent noise
image with defocus
phase contrast

How to interpret the Thon rings

destructive interference
details are dark

Thon rings appear in the
diffraction pattern of the
image.

no contrast
no data

constructive interference
details are light

negative stain

Scattering contrast + a little underfocus
phase contrast

JT Finch, J Gen Virol. 24, 359, 1974

ice

Underfocus phase contrast
Howley PM, Lowy DR. Papillomaviruses. In: Knipe DM,
Howley PM. (Eds.) Fields’ Virology, Philadelphia: Lippincott
Williams and Wilkins; 2007. p 2300-2354.
Michele Lunardi, Amauri Alcindo Alfieri, Rodrigo Alejandro
Arellano Otonel and Alice Fernandes Alfieri (November
20th 2013). Bovine Papillomaviruses Victor Romanowski,
IntechOpen, DOI: 10.5772/56195.

By comparing the
1D curve of the CTF
with the observed
Thon rings, we can
determine the
amount of defocus
and any
astigmatism.
We can also
determine the
spherical
aberration
coefficient, Cs, if we
have to.

The contrast transfer
function (CTF) describes
the Thon rings.

Phase plate contrast

sample plane

The unscattered beam passes
through a hole while the scattered
beam passes through a carbon
film, which advances it relative to
the unscattered beam.
The

Back focal plane

Biophysics (Nagoya-shi). 2006 Jun 6;2:35-43. eCollection 2006.
Applicability of thin film phase plates in biological electron microscopy.
Danev R1, Nagayama K1.

The Volt Phase Plate (VPP) has a continuous layer of carbon. A negative
voltage is generated at the center and delays the unscattered beam,
which has the same effect as advancing the scattered beam in the Zernike
phase plate.

Even with the phase plate, there is defocus or spherical aberration, which must
be corrected.

How defocus affects the Thon rings in the FT
The form of the Thon rings is given by
the contrast transfer function (CTF):
For a phase object using defocus contrast:

ctf(X) = -A(X)sin(πλX2Δz – 0.5πλ2X4cs)
Where X is the reciprocal distance,
A is the envelope function,
λ is the wavelength,
Δz is the defocus, and
Cs is the spherical aberration coefficient.

ctf(X) = B(X)cos(πλX2Δz – 0.5πλ2X4cs)
For phase object using a perfect 900 phase plate:

Volta potential phase plate for in-focus phase contrast
transmission electron microscopy R Danev, B Buijsse,
M Khoshouei, JM Plitzko, & W Baumeister Proc Natl
Acad Sci U S A. 2014;111(44):15635-40.

Images are not the perfect projections we want.
Underfocused images are not perfect projections of the desired structure because
underfocusing affects amplitudes and phases.
This is one of many ways that the images fail the ideal projection we would like to
capture. Imaging processing must correct for these deficiencies. Here is why images fail:
Electrons damage the specimen.
Digitization and boxing of the image affects and limits amplitudes and phases.

Coherence of the electron beam limits resolution.
Beam induced motion limits resolution.
Image distortion by the lenses affects phases.

Interpolation reduces high resolution amplitudes.
Beam tilt alters phases.
Lack of plane parallel illumination alters phases.
Insufficient depth of field alters amplitudes and phases.
Multiple scattering alters amplitudes and phases.

Some examples of limitations that we can overcome.

Allowable error in defocus vs resolution

Limiting resolution vs specimen thickness due
to depth of field.

Maximum allowable beam tilit vs resolution

Zhang, X & Hong Zhou, Z J Struct Biol 175, 253, 2011

EM images are not perfect projections but with corrections applied to them we can
achieve 1.25 A resolution provided that:
you have the right specimen that results in getting well-distributed views,

your microscope and camera are working perfectly

you have computer programs that can correct for imperfections and problems

