Run!
It’s a Fourier Transform, and It’s Gaining on Us
By David J DeRosier
Introduction
Most students of molecular electron microscopy keep well away from learning about Fourier
transforms. At schools whose aim is to train students in molecular electron microscopy, however, the
gathered class must sit through a lecture or two on the Fourier transform. A mathematical lecture on
the topic is usually more satisfying to the lecturers than it is to students, who use the occasion to day
dream or simply dream having been up half the previous night at some bar. I guess it is not obvious
why such a mathematical operation would be of interest to someone who simply wants to know the
molecular architecture of some cellular machine.
My aim is to tell you why you want a Fourier transform, what you can learn from a Fourier transform,
how to think about a Fourier transform without having to waddle through the mathematics, and how to
generate a Fourier transform when you want one. Since microscopy and image analysis are visual, I
am presenting many of the lessons as pictures. I do not intend to prove the properties of various
transforms but rather to show the results. There are lots of books on the theory.
Why you want a Fourier transform.

Figure 1. A T4 polyhead seen in negative stain (ref)

Figure 1 shows the image of a tube made up of viral capsid proteins. Protein subunits can be seen
clearly in some places but not others. Is this simply a bad image? Roy Markham and his colleagues
did some image averaging on similar tubes and obtained a dramatic enhancement of detail. Figure 2
shows the image of the original tube with an inset of the patch of the average. Clearly, this is not a bad
micrograph. One just needs to do some processing.

Figure 2. A turnip yellow mosaic virus polyhead (ref).
Markham and his colleagues did the averaging using a photographic enlarger. They made a multiple
exposure shifting the image by one subunit between exposures. For amusement, I did the same thing
using the above image but I did it in Photoshop. I used the obvious lattice in the inset to determine the
distances and directions of the shifts. Figure 3 shows the result of my efforts. In the figure and away
from the inset, you can see that the rings of subunits are beginning to emerge (look inside the circle).

Figure 3. An averaged image made from the image in figure 2 using Photoshop.
How would we figure out the distance and direction to shift if there weren’t a lattice to guide us? 1)
We could use trial and error and pick the answer (image) that we liked best. 2) We could try all
possible shifts distances and direction and pick out the image with the strongest features (measured
objectively rather than subjectively). This would be very time consuming but the right way to do the
averaging. If you are a PI, you can always order some lab member to carry out this labor intensive
task. Fortunately for undergrads, grad students, and postdocs, the Fourier transform carries out the
hard work of method 2.
Figure 5 shows an electron micrograph of a negatively-stained crystal of catalase and its diffraction
pattern, which is split to reveal a long exposure and a short exposure (ref). The diffraction pattern
reveals a set of Bragg reflections, which are indicated by the red arrows. The positions of the
reflections tell us how much to shift by and in which directions to shift in doing the averaging. We
will describe how to determine these later on. In effect each point in the diffraction pattern tells us

how much reinforcement will be achieved by translating the image in the direction and by the distance
corresponding to this spot. A strong amplitude means that there will be a strong repeating feature.

Figure 4. On the left is the image of a negatively-stained catalase crystal. On the right is the
diffraction pattern. The left side of the diffraction pattern is a low dose exposure; the right side
corresponds to a longer exposure. The red arrows point to some of the Bragg reflections.

Figure 5. Left: Low dose image of a glucose-embedded 2D crystal of bacterial rhodopsin. Right: A
diffraction pattern of the image. The circles surround the Bragg reflections indicating that the image
contains the repeating features expected for a crystal.

The directions and distances to shift the image in Figure 4 seem pretty obvious, but this is not always
the case even for crystals. Shown in Figure 5 is an image of a glucose-embedded crystal of bacterial
rhodopsin. Alongside it is the diffraction pattern of the image. The repeating features of the crystal
are invisible in the image but are made clear in the diffraction pattern in the form of a regularly arrayed
set of strong peaks seen in the circles.
We now return to the images of the polyheads. If the images in Figures 1 and 2 are not simply bad,
why can’t we see subunit features everywhere? A diffraction pattern provides the answer.

Figure 6. The diffraction pattern of a T4 polyhead (ref). On the right, the lines indicate the presence
of two related lattices one in red and one in yellow.
The diffraction pattern of the polyhead in Figure 6 reveals that we are seeing two related lattices. If the
yellow lattice if flipped on its back, it would fall on top of the red lattice. What we are seeing are the
superposition o the front and back sides of a flattened tube. The far side looks like the near side
flipped on its back. The confusion in the image is a result of the interference generated by the
superposition of the near and far sides as shown schematically in Figure 7. The top shows one side of
a part of a tube with its diffraction pattern on the right. Below, the other side has been added in. The
superposition generates confusion in the pattern of subunits except where by chance the subunits on
one side overlap those on the other giving the false impression that one is seeing single subunits.
I hope you are now convinced that Fourier transforms/diffraction patterns provide an easy way to
detect structures with repeated features. I will now show you that there is much more you can learn
from them.

Figure 7. Schematic diagram showing how the images and diffraction patterns of polyheads arise (ref).

What the Fourier Transform Tells You.
If the Fourier transform of an electron micrograph of a suspected crystalline specimen shows strong
spots on a regular lattice, it is evidence that it is crystalline. It is not necessarily proof because closely
packed but otherwise disordered particles, such as a layer of marbles crammed in a box, will give rise
to a lattice of reflections even though the specimen in not a crystal. Even given that caveat, it is cause
for some excitement.

Figure 8. The optical diffraction pattern, which is equivalent to a computed Fourier transform, of an
electron micrograph of a negatively-stained catalase crystal. The right-hand side results from a longer
exposure than that on the left.
What else does the diffraction pattern tell us? The strong spots lie on a regular lattice, the positions of
which define a reciprocal space unit cell. From the reciprocal unit cell, we can determine the real
space unit cell, which gives us information about the size, possible symmetry and organization of the
structure we are studying. The unit cell in this case is rectangular with dimensions of $$Å-1 by $$ Å-1,
which corresponds to a real space unit cell of $$ Å by $$ Å. (We will cover how to determine the real
space unit cell later in this monograph.)

Figure 9. The red box corresponds to the reciprocal unit cell.
The shape and dimensions of a spot provide information about the shpe and dimensions of the coherent
domain(s) giving rise to the diffraction pattern or Fourier transform. Suppose the entire area is a
single, coherent crystal. The dimensions of each spot will be inversely related to the dimensions of the
area giving rise to the diffraction pattern or Fourier transform. If the area contains crystallites, that is,
the area is not one coherent crystal but can be considered to have patches of coherence, the dimensions
of each spot will be inversely related to the sizes of the coherent patches. In the example shown in
figure 9, the spot is narrow in the vertical direction and long in the horizontal direction. The area
diffracted from is therefore the inverse, that is, long in the vertical direction and narrow in the
horizontal direction.
The diffracted intensity in the spots relative to the neighborhood around the spots provides a measure
of the signal to ‘noise’ ratio. Noise is in quotation marks because in some instances the intensity
around reflections arises from disorder in the crystal. In some x-ray diffraction patterns, there is a
background that looks like the continuous transform of the crystalline structure; for example on can see
a stronger background in the ~1/10 Å-1 region due to the packing of alpha helices. Other sources of
noise are the detector, shot noise due to statistical fluctuations in the number of electrons per pixel, the
carbon film, and the embedding medium.
The distance to the farthest spot from the origin provides a measure of resolution. In the diffraction
pattern in figure 10, the farthest spot marked by the arrow lies at $$ Å-1 from the origin. This measure
of resolution is different but related to the Rayleigh criterion of resolution, which gives a smaller
distance of resolved points than the Fourier measure. One or two distant reflection where many are

expected, however, does not necessarily lead to a useable resolution, a resolution at which one can
‘see’ new aspects of the structure being studied, but clearly, the farther out the reflections lie, the more
cause there is for increased excitement.

Figure 10. The arrow marks the distance from the origin to the farthest reflection, a distance that is
often quoted as the resolution of the image.
The amplitudes and phases of the spots, of course, contain the information about the structure itself:
the shape, the organization of domains in the tertiary structure, the arrangement of parts in the
secondary structure, and if the resolution is sufficient, the disposition of the atoms themselves. These
amplitudes and phases are most easily obtained by computing Fourier transforms of the digitized
electron micrographs.
On the right-hand side of figure 11, the intensities vary radially to give a set of rings known as Thon
rings after Thon, who first analyzed them. They arise from defocus phase contrast, and the locations of
the maxima and minima provide a measure of the amount of defocus in the electron microscope. The
ellipticity of the rings arises from astigmatism in the objective lens of the microscope. An asymmetry
on the strength of the Thon rings provides information about instabilities in the microscope. In figure
12, the rings are around 4 o’clock and weaker around one o’clock; the weaker direction indicated the
direction of the instability. If the direction of instability is along the tilt axis of the microscope stage, it
is likely due to drift; if it is perpendicular to the axis, it is likely due to vibration.

Figure 11. Ellipticity in the Thon rings gives a measure of the direction and amount of astigmatism in
the microscope objective lens. The ellipticity shown here was produced articicially using Photshop

Figure 12. The asymmetry in the Thon rings indicates the amount and direction of instability in the
electron microscope. In this figure, the asymmetry was produced using Photoshop and not by
instability.
How to think about Fourier transforms.
Let us start with Fourier transforms of some simple but useful objects. The reason for such
considerations is because such functions and their transforms are important for our understanding of
how various operations or conditions affect our structural data, that is our images and our maps.
1. We begin with the one-dimensional box.

Figure 13. A one-dimensional box and its Fourier transform.
The box function is f(x)=1 if –a/2<x<a/2 and f(x)=0 otherwise as shown on the left side of figure 13..
Its transform is F(X)=sin(aX)/(X), which is a damped sinusoidal function. The positions of the
zeros occurs at multiples of 1/a, the width of the box. The reciprocal relationship between the
dimensions of the box and the zeros in its transform are evident: the wider the box (the bigger the
value for a) the closer together the zeros (the smaller the value of 1/a).
2. The next is the transform of a constant.

Figure 14. A constant and its Fourier transform.
The function describing a constant is simply f(x)=1 for all x. Its transform is F(X)=δ(X), a function
that is zero everywhere except at X=0, where it is infinite. The area under the delta function is 1. The
function sounds bizarre but can be thought of as a box of width a and a height 1/a as a goes to zero. At
every stage in the shrinkage of a, the area is one. The function has useful properties. In particular:
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but no need to worry over it.



3. A cosine wave and its transform.

Figure 15. A cosine wave and its Fourier transform.
f(x)=cos(2x/a) is the mathematical form of a wave having a period of a. Its transform is a pair of
delta function located at -1/a and +1/a: F(X)=0.5[(X+1/a)+ (X-1/a)]. Note again the reciprocal
relationship between the periodicity of the wave and its transform. The shorter the repeat of the wave,
the farther apart are the two delta functions, which appear as a pair of strong reflections in the
transform.

4. A Gaussian distribution.

Figure 16. A Guassian and its transform.
A Gaussian is defined as f(x)=exp(-x2/a2); its transform is F(X)=exp(-X2a2). Thus the transform of a
Gaussian is a Gaussian but the width in the former is reciprocally related to that in the latter. I will
cease to nag you to look at the reciprocal relationships between the dimensions in real space and those
in reciprocal space.
5. A lattice of delta functions (or points) and its transform.

Figure 17. A lattice of points spaced by a and its Fourier transform.
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In two dimensions, a lattice of points gives rise to a set of equally spaced lines while in three
dimensions it is a set of planes. Note that the line through the set of points is parallel to the
perpendicular to the lines or planes in two or three dimensions.

Figure 18. Top: A set of points in two dimensions and its transform. Bottom: A set of points in three
dimensions and it transform.
6. A set of lines in three dimensions and its transform.
Note that the transform of equally spaced lines lying along z in the plane y=0, is a set of equally spaced
lines lying along Z in the plane X=0. In two dimensions, the transform of a set of lines is a set of
points as shown at the top of figure 18. (Note: Whatever applies in going from real to reciprocal space
applies going in the opposite direction as repeated item 10 in the next section.)

Figure 19. A set of lines and its transform.

Some rules for Fourier transforms.
1. Inverse Fourier transform:
If F(X)=FT[f(x)], then f(x)=IFT[F(X)], where FT=Fourier transform & IFT=Inverse Fourier
transform. USE: If you can obtain the Fourier transform, F(X), of an object, you can regenerate the
object itself. This is the basis of x-ray crystallography and some 3D reconstruction algorithms.
2. Multiplication by a constant:
FT[ a•f(x) ] = a•F(X). USE: If you multiply the density by a constant, you multiply its Fourier
transform by the same constant. Special case: FT[ -f(x) ] = -F(X) = F(X)•ei. If you reverse the
contrast of an object, you get the same transform except the phases are changed by 180º (Babinet’s
principle). Thus the phases obtained from images of negatively stained objects will differ by 180º
from those of an ice-embedded object because of the reversal in contrast of the specimen relative to its
embedding medium.
3. The addition of two density distributions (objects):
FT[ f(x) + g(x)] = F(X) + G(X). USE: The Fourier transform of a heavy atom derivative is equal to the
Fourier transform of the protein plus the Fourier transform of the constellation of heavy atoms. This
allows one to use heavy atoms to determine the Fourier transform of the protein if the transform of the
heavy atom constellation can be deduced.
4. The Fourier transform of a stretched object:
FT[ f(ax) ] = F(x/a). USE: If you stretch/magnify an object by a factor of a, you squeeze/demagnify its
transform by factor of a.
5. Rotation of an object:
FT[ f{ x•cos(a) + y•sin(a), -x sin(a) + y •cos(a)}] = F { X•cos(a) + Y•sin(a), -X sin(a) + Y •cos(a)}
USE: If you rotate an object by an angle a, you rotate its transform by the same angle.
6. Fourier transform of a shifted object:
FT[ f(x-a) ] = F(X)•eiaX. USE: If you shift an object by +a, you leave the amplitudes of its transform
unchanged but its phases are increased by aX radians = 180ºaX degrees. The electron diffraction
pattern is not sensitive to movement of the specimen since the intensities do not depend on phases.
Vibration of the specimen does not affect the electron diffraction patterns as it does the images.
7. The section/projection theorem:
FT[ f(x,y,z)dx ] = F(0,Y,Z). USE: The Fourier transform of a projection of a 3D object is equal to a
central section of the 3D Fourier transform of the object. An electron micrograph is a projection of a
3D object. Its transform provides one slice of the 3D transform of the 3D object. By combining the
transforms of different views, one builds up the 3D transform section by section of the 3D structure.
One then uses the IFT to convert the 3D transform into a 3D map of the structure.
8. The Fourier transform of the product of two distributions:
FT[ f(x)•g(x) ] = F(X) * G(X), where * denotes convolution. USE: This is useful in thinking about the
effects of boxing or masking off a particle from the background or in sampling a distribution
(multiplying by a lattice). We explain convolution and will look at some of its uses later on.

9. The transform of a real distribution:
If the complex part of f(x) is zero, then F(-X) = F*(X) where * in this usage indicates the complex
conjugate: same amplitude; phase changes sign. USE: Thus, centrosymmetrically related reflections
have the same amplitude but opposite phases This relationship is often referred to as Friedel’s law.
When calculating a transform of an image, one only has to calculate half of it. The other half is related
by Friedel’s law.
10. Whatever applies to the FT also applies to the IFT.
USE: If the Fourier transform of a cosine wave is a pair of delta functions, then the inverse Fourier
transform of a cosine wave is also a pair of delta functions.
Convolution and its uses.
1. Convolution of a molecule with a lattice generates a crystal.
If f(x) represents a single molecule and l(x) represents a lattice of points or delta functions, then
f(x)*l(x), the convolution of the two generates a crystalline array of molecules with one molecule at
every lattice point of l; it means you put down one molecule at every lattice point as in figure 20.

Figure 20. Generating a crystal using convolution.
2. The Fourier transform of a crystal.
A crystal is the convolution of a molecule, f, with a lattice, l. To get the transform, multiply the
transform, F(X), of the molecule, f(x), times the transform, L(X), of the lattice, l(x).
FT[ f(x)*l(x) ] = F(X)•L(X). L(X) is a lattice, the reciprocal lattice. Thus what one sees in the
transform of a crystal is the transform of the molecule, but one can only see it at reciprocal lattice
points. In figure 21, the red arrows show the strong features of the molecular transform peeking
through the ‘holes’ of the reciprocal lattice.

Figure 21. The Fourier transform of a single hexagon of points as seen on the top right can been see in
the transform of the crystal on the bottom right.
3. The Fourier transform of a sampled (digitized) image.
A sampled image is the product of a molecule, f, with a lattice, l. To get the transform, convolute the
transform, F, of the molecule with the transform, L, of the sampling lattice:
FT[ f(x)•l(x) ] = F(X)*L(X). L(X) is a lattice, the reciprocal lattice. Thus what one sees is the
transform of the molecule repeated at every reciprocal lattice point as shown in figure 22. The red
circle denoted as the Nyquist limit has a diameter equal to the lattice spacing. When one goes beyond
this limit, one is measuring data that is repeated inside the Nyquist limit. Thus sampling limits the
resolution available in the data to values less than 1/2d, where d is the sampling interval. Since the
transform extends infinitely in all direction, the convolution causes overlap of one transform with its
neighbors. This is called aliasing. The problem can be appreciated if we more coarsely sample the
molecule in the previous example as shown in figure 23. We want to make the transform of the
structure fall to small values outside the Nyquist frequency so that the effects of overlap are small.

Figure 22. Effect of sampling an image.

Figure 23. Aliasing occurs when the transform at one reciprocal lattice point badly overlaps that at its
neighboring point.

Tricks to control aliasing:
1. In the digitizing apparatus, have the sampling area equal to the pixel size. The consequence is
that the image variations over the pixel are ‘averaged’ or sort of convoluted with the aperture.
Thus the transform is weighted down by a factor that falls significantly at the reciprocal of the
aperture diameter.
2. Remove any large steps in density such as occur at the edge of the boxed image.
a. Remove any gradient across the image.
b. Float the image by subtracting the average of the density taken around the perimeterof
the image.
c. Apodize the edges by gradually reducing the densities at the edges to zero.

Figure 23. The image on the right has a sharp gradient of density at its edge where the density falls to
zero.

